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A theory of the destabilization paradox in general non-conservative systems with small dissipative and gyroscopic forces is
presented. The problem is investigated by the approach based on the sensitivity analysis of multiple eigenvalues. An explicit
asymptotic expression for the critical load as a function of the dissipation and gyroscopic parameters allowing to calculate a
jump in the critical load is derived.

1 Introduction

Consider a linear autonomous non-conservative mechanical system

Mÿ + D(k)ẏ + A(q)y = 0, (1)

wherey is the vector of generalized coordinates,M, D, andA are real square matrices of orderm corresponding to the
inertial, dissipative and gyroscopic, and non-conservative positional forces, respectively, and dot indicates differentiation with
respect to timet. It is assumed that the matrixD is a smooth function of the vector of real parametersk=(k1, . . . , kn−1),
D(0)=0, the matrixA smoothly depends on the real load parameterq≥0, and the matrixM is constant. Finding a solution to
equation (1) in the formy=u exp(λt) we get the eigenvalue problem

(λ2M + λD(k) + A(q))u = 0, (2)

whereλ is an eigenvalue andu is the corresponding eigenvector. In then-dimensional space of parametersk1, . . . , kn−1, q of
system (1) consider the pointp0=(0, . . . , 0, q0). Assume that±iω0, ω0 > 0, are double eigenvalues with the Jordan chains
of length 2 of the operatorλ2M + A(q0), i.e. the right eigen- and associated vectorsu0, u1 as well as the left eigen- and
associated vectorsv0, v1 of the eigenvalueiω0 satisfy the following equations

(A(q0)− ω2
0M)u0 = 0, (A(q0)− ω2

0M)u1 = −2iω0Mu0, (3)

vT
0 (A(q0)− ω2

0M) = 0, vT
1 (A(q0)− ω2

0M) = −2iω0vT
0 M. (4)

The remaining eigenvalues±iω0,s, ω0,s>0, s=1, . . . , m−2, are assumed to be simple. If, additionally, all the eigenvalues of
the system are simple and purely imaginary for0≤q<q0, then it is stable for all the loadsq from this interval, andq0 is called
a critical load of the unperturbed system. The non-conservative system without dissipative and gyroscopic forces(k=0) is
calleda circulatory system[1, 2], and the pointp0 belongs to the boundary between its stability and flutter instability domains.
It turns out [1, 2] that the circulatory system perturbed by small dissipative and gyroscopic forces(k6=0) loses its stability at a
different critical value of the load parameterq=qcr(k), which may exceedq0 or be lower than it. However, fork=εk̃, where
the vector̃k is fixed andε≥0 is a small parameter we have

q̃cr ≡ lim
ε→0

qcr(εk̃) ≤ q0. (5)

Inequality (5) shows that in non-conservative systems the critical load may decrease in a discontinuous manner due to in-
finitesimally small dissipative and gyroscopic forces. This is considered paradoxical because dissipation is expected to provide
stability rather than instability. The destabilization paradox discovered by H. Ziegler [1] for a pendulum with two degrees of
freedom has attracted much attention in the world literature [2, 3]. However, the analytical description of this phenomenon in
the general form has not yet been obtained.
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2 An analytical description of the destabilization paradox

To describe the effect of small dissipative and gyroscopic forces on the stability of non-conservative system (1) means to find
the critical loadqcr(k) as a function of the dissipative and gyroscopic parametersk = (k1, . . . , kn−1) in an explicit form. We
obtain an approximation of this function analyzing behavior of the eigenvalues of system (1) due to variation of the parameters
k andq. For this purpose we consider smooth variations of the parameters

k(ε) = ε
dk
dε

+ ε2
d2k
dε2

+ o(ε2), q(ε) = q0 + ε
dq

dε
+ ε2

d2q

dε2
+ o(ε2), (6)

whereε ≥ 0 is a small parameter, and apply the theory of perturbations of eigenvalues of non-selfadjoint operators [4]. As the
result we find that simple eigenvalues±iω0,s due to change of the parameters take the increments [5]

λ=± iω0,s∓ig̃s(q−q0)−ω0,s〈gs,k〉+o(‖p−p0‖2), s = 1 . . . m− 2, (7)

where the angular brackets denote the inner product inRn−1, and the real scalar̃gs and vectorgs are

g̃s = vT
0,s

∂A
∂q

u0,s, gs =
(
vT

0,s

∂D
∂k1

u0,s, . . . ,vT
0,s

∂D
∂kn−1

u0,s

)
, (8)

with the derivatives evaluated atk=0 andq=q0. The double eigenvalueiω0 splits due to small perturbation of the parameters
k andq according to the quadratic equation [5]

(λ−iω0)2−ω0〈h,k〉(λ−iω0)+f̃(q − q0)+ω2
0〈Gk,k〉+iω0 (〈f ,k〉+〈Hk,k〉)=0, (9)

where the real scalar̃f , vectorsf , h, and matricesH, G are determined by the expressions

f̃ = vT
0

∂A
∂q

u0, fr = vT
0

∂D
∂kr

u0, ihr = vT
1

∂D
∂kr

u0 + vT
0

∂D
∂kr

u1, Hrs =
1
2
vT

0

∂2D
∂kr∂ks

u0, r, s = 1, . . . , n− 1, (10)

〈Gk,k〉 =
n−1∑
r=1

krvT
0

∂D
∂kr

S0

(
n−1∑
s=1

ks
∂D
∂ks

u0

)
. (11)

Without loss of generality it is assumed thatf̃<0. Quadratic form (11) is defined for the vectorsk such that〈f ,k〉=0. The
operatorS0 is inverse toL0=A0−ω2

0M, and the eigen- and associated vectors in formulae (8) and (10), (11) satisfy the
normalization and orthogonality conditions

2ω0,svT
0,sMu0,s = 1, 2iω0vT

0 Mu1 = 1, 2iω0vT
1 Mu1 + vT

1 Mu0 + vT
0 Mu1 = 0. (12)

The necessary and sufficient conditions for all the roots of the complex polynomial (9) to have negative real parts follow
from the Bilharz criterion [6]

q < qcr(k), 〈h,k〉 < 0, qcr(k) = q0 +
(〈f ,k〉+〈Hk,k〉)2

f̃〈h,k〉2
− ω2

0

f̃
〈Gk,k〉. (13)

According to Eq.(7) all the simple eigenvalues±iω0,s move to the left-hand side of the complex plane if

〈gs,k〉 > 0, s = 1, . . . , m− 2. (14)

Inequalities (13), (14) give conditions of asymptotic stability of system (1). In the case when inequalities (14) follow from
(13), the stability of non-conservative system (1) depends only on the splitting of the double eigenvalueiω0, and the critical
loadqcr(k) of the perturbed system is determined by Eq.(13). Substitutingk = εk̃ into Eq.(13) we find the explicit expression
describing approximatelya jump in the critical loaddue to small dissipative and gyroscopic forces

∆q ≡ q0 − lim
ε→0

qcr(εk̃) = − 1

f̃

〈f , k̃〉2
〈h, k̃〉2

≥ 0. (15)

The results obtained are of general nature and give an analytical description of the effect recognized as one of the main
theoretical challenges in the non-conservative stability theory [2].

Acknowledgements The work is supported by the grants RFBR-NSFC 02-01-39004, RFBR 03-01-00161, CRDF-BRHE Y1-MP-06-19.

References

[1] H. Ziegler, Ingenieur-Archiv.20, 49–56 (1952).
[2] V.V. Bolotin, Non-conservative Problems of the Theory of Elastic Stability. (Pergamon Press, Oxford, 1963).
[3] A.P. Seyranian, Advances in Mechanics.13, 89–124 (1990).
[4] M.I. Vishik, L.A. Lyusternik, Russian Math. Surveys.15, 1–73 (1960).
[5] O.N. Kirillov, DCAMM Report No. 681. (Copenhagen, 2003).
[6] H. Bilharz, Z. Angew. Math. Mech.24, 77–82 (1944).

Section 1  96 
 
 
 
 
 
 
 
 
 
 
 
 
 

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

 


